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ABSTRACT

We find congruences for the t-expansion coefficients of Drinfeld modular
forms for GLa(F4[T]). We give generalized analogies of Siegel’s classical
observation on SL2(Z) by determining all the linear relations among the
initial t-expansion coefficients of Drinfeld modular forms for GL2 (Fq[T]).
As a consequence spaces M,? are identified, in which there are congruences
for the s-expansion coefficients.

1. introduction

Recently, Choie et al. [3] generalized a classical observation of Siegel [10] by
determining all the linear relations among the initial Fourier coefficients of a
modular forms on SLy(Z). As a consequence, they showed p-divisibility prop-
erties for Fourier coefficients of a modular form on SLy(Z). The author [1]
investigated analogies of these results for a certain subspace of M;* which have
a strong condition. Here, M is the vector space of Drinfeld modular forms for
GLy(F,[T]) of weight k and type m. In this paper the author generalizes the
result for the space M.

In Section 3, we find divisibility properties for t-expansion coefficients of
Drinfeld modular forms in M} (Theorem 3.1). As a consequence we obtain
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congruence relations of t-expansion coefficients of Drinfeld modular forms in
M (Remark 3.5).

By using the action of the Hecke operators Gekeler [6] and Lépez [9] proved
the existence of congruences for the coefficients of two distinguished Drinfeld
modular forms, the Poincaré series P,11,;1 and the discriminant function A,
respectively. Gallardo and Lépez [4] showed that there exist congruences for
the s-expansion coefficients of the Eisenstein series of weight ¢* — 1, for any
positive integer k.

In Section 4, combining the idea in [3] and [10] we find all the linear relations
among the initial f-expansion coefficients of a Drinfeld modular form in M,?
(Theorem 4.1). As a consequence spaces M} are identified, in which there are
congruences for the s-expansion coefficients.

Throughout, we adopt the following notation :

finite field with ¢ elements, of characteristic p
F,[T], the ring of polynomials over F,

Fq(T), the rational function field over Fy
F,((1/T)), the completion of K at 1/T

the completion of the algebraic closure of K,
C — K, the Drinfeld upper half plane

RSNl NN

2. Preliminaries

Let L = A be the lattice in C corresponding to the Carlitz module p and e,
be the exponential function associated to L, i.e.,

e :C—C, ep(z):=z H (1—2z/X).
AeL—{0}
We define t = t(z) := 1/e(7z) and s = ¢t~ 1,
A Drinfeld modular form (for GL2(A)) of weight k and type m (where k > 0

is an integer and m is a class in Z/(¢ — 1)) is a holomorphic function f : Q@ — C
that satisfies:

(i) f(y2) = (dety) ™(cz + d)* f(2) for any v € GLa(A),
(ii) f is holomorphic at the cusp oco.

Since ) is connected as an analytic space, any Drinfeld modular form f is
determined through its expansion around co. We, therefore, identify f with its
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t-expansion

)
f=3as((a—1)i+myla e,
i=0
Here and in what follows, we choose the representative m in the class with 0 <
m < q—1. Let M;" be the C-vector space of Drinfeld modular forms of weight
k and type m. Throughout the article we suppose that k& = 2m mod(q — 1) (if
not, M = {0}).

For any integer k& > (¢ + 1)m, the vector spaces, Ml(c)—(q—i-l)nb and M]", are
isomorphic via the isomorphism: f +— fh™, where h is the Poincaré series Py1,1
(see [7, page 681] for the definition of P,4+1,1). Indeed, we only have to show
that the map defined in the above is surjective. Since the graded C'—algebra
D s M,z’}/ is the polynomial ring C[g,h] and 0 < m < ¢ — 1, any element w
of M;" is ZZ cig‘“h(q_l)bf h™ for some ¢; € C' and nonnegative integers a;, b;.
Here, g is a Drinfeld modular form of weight ¢ — 1 and type 0. Then an element

S, cig®iha=Dbi of MO

k—(g+1)m is the preimage of w by the map defined in the

above.
Moreover, we know dimc M} = [k/(¢*> — 1)] + 1. Hence, we have

k—(g+1)m

2.1 dimc M} =
( ) lmc k q2 _ 1

+ 1.

Indeed, If k£ < (¢ + 1)m, then M;* = {0} hence dimcM;" = [%] +1.
Gekeler [5, 4.2. Theorem| found a formula for the dimension of the vector

space of finite modular forms of weight k£ and type m. Following the same

method as [5, 4.2. Theorem| we can also obtain the formula (2.1), which agrees

with Gekeler’s. On the other hand, the formula (2.1) is reformulated as follows:

k 3 *
A 4+1 ik > mg+ 1),
dimenp = el T AR 2 mlg 1)

otherwise,

where k* = k mod(¢® — 1) and 0 < k* < ¢ — 1.
For any z € ), we let A, = Az 4+ A, a rank 2 A-lattice in C. It induces a
Drinfeld module ¢* of rank 2 determined by
(X)) =TX + g(2) X7+ A(z) X7

The j-invariant j(z) of ¢ is defined to be g(z)?*t!/A(2). The functions g and
A in z are Drinfeld modular forms of weights ¢ — 1 and ¢? — 1, respectively. We
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normalize g(z) and A(z) as follows
gnew(2) =717 9(2)  and  Apew(z) = 79 A(2).

Hereafter we write g(z) and A(z) for gnew(2) and Apew(2), respectively. Then
we have that A(z) = —h(z)?7L.
Let r := dimg M. For any f € M]", we define

f

W) = e

where a:= (k—2m)/(¢— 1)+ (1 —r)(¢g+1)—m e {0,1,...,q}.

PROPOSITION 2.1: W is a vector space isomorphism from M} onto the space
R of polynomials in j of degree less than r.

Proof. For d =0,1,...,r — 1, the products jig*h™*+(@=D(=1) belong to M.
Indeed, its ¢-expansion at oo shows that j¢g®h™T (@11 ig analytic at co.
Moreover, j, g and h are analytic on Q. Thus the products j%g*h™t(a=1(r=1)
belong to M[".

Since W (jlg@hm+a=Dr=1) = j¢ W carries the subspace Q of M" gener-
ated by the Drinfeld modular forms j%¢*h™*+(@=D("=1) jsomorphically onto R.
Hence, dimc @ = r which implies @ = M]". |

Let ' = GL3(A). For any meromorphic Drinfeld modular form G(z) of
weight 2 and type 1, w := G(2) dz is a 1-form on the compactification T\ of
M\Q. Let G(2) = 3_,2,, a(n)t" be the t-expansion of G(2) at the cusp co. Let

n=mn,

7 : Q — I'\Q be the quotient map. Then we have

PROPOSITION 2.2: (i) Ressow = a(1)/7.
(ii) Res,G(z) dz = Resy(rw for each T € ).

Proof. (i) follows from the simple fact that —7t2dz = dt. For any ordinary point
7 € €, (ii) is obvious. Suppose 7 € Q is an elliptic point. Let I'; be the stabilizer
of 7in T and Z(K) be the center of scalar matrices. Let e, = |I'; /(I N Z(K))|.
Indeed, e; = ¢+ 1 because 7 is an elliptic point. We choose uniformizers x and
y on Q and T'\Q, respectively, with 2°" = y. Then dy = e,2° 'dz = 2°~'dz,
which gives the assertion (ii). n
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3. Divisibility properties and congruences for coefficients of Drinfeld
modular forms

In this section, we study congruences for t-expansion coefficients of Drinfeld
modular forms belonging to M. The following theorem is motivated from the
classical results [3] of p-divisibility properties for Fourier coefficients of modular
forms on SLy(Z). These classical results play an important role in the p-adic
theory of modular forms (see [8]). Unfortunately the author could not find an
important role of Theorem 3.1 in the function field case. This requires a further
research.

For a prime p of degree 1, if fi = fo # 0 mod p for f; € M, N A[[¢]], then
k1 = ko mod (¢ — 1) ([7, page 698]). This result leads us to study coefficients
mod p among Drinfeld modular forms whose weights are the same mod (¢ — 1).
In addition, Theorem 3.1 gives mysterious congruence properties of Drinfeld
modular forms. Throughout this section we let r := dimc M.

THEOREM 3.1: Let

o0

f =" aplla—i+mpta = € a0 Al
i=0
Then for any integer a satisfying that p® +1 > m + r(q — 1) and m = p* +
1mod(gq — 1), we have that
(i) if ¢ > 2, then

af((q — 1)]% + m) = 0mod(TY - T);
(ii) if ¢ =2, then af(2* +1) = —as(1) mod(T? —T).

Proof. We notice ([2, page 8]) that

g _ - g
(31) E = *’/Thq_2
a meromorphic Drinfeld modular form of weight 2 and type 1. By Proposition

2.1 we have that for any nonnegative integer v, j*W(f )% is a meromorphic
Drinfeld modular form of weight 2 and type 1 which is holomorphic on 2. By
Proposition 2.2 and the residue theorem <Z#er\_§2 Res,, (j”W(f)%)dz = 0), the

coefficient of ¢ in
()L
J dz

vanishes.
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Now we choose for v a particular non-negative integer [/, given by
o pt*t+1l-m
q—1
This makes the denominator of j'WW (f)(dj/dz), a constant multiple of h?".
The fact ([7, (6.11) Proposition]) that g = 1 mod(7T'? — T'), combined with
(3.1) shows that the coefficient of t in
_1)lat1 ; (q+D)la—a+tq
%jlaw(ﬁ% - h(gq—l)(v-+la)+m{1 hj;a

= (i ap((q—1)i+ m)t<q—1>i+m)

=0

lg :

mod(7T?—1T)

tr®

_1)¢" R N
y <( D | j@=n2-1p +-~>mod(T‘1T)

is zero mod (T9 — T'), where --- means “higher terms in t”. This implies the
assertion. |
COROLLARY 3.2: Suppose that k = 2 modp. Then we have the following

(i) if ¢ > 2, then

p+1—-m
af((q—l)q_i1

(ii) if ¢ =2, then ay(2* +1) = —ay(1) mod(T? —T)P.

+m) =0mod(T? —T)P,

Proof. We use the same notations in the proof of Theorem 3.1. By the assump-
tion that k& = 2 mod p, we have that (¢ + 1)l, — @« + ¢ = 0 mod p. Hence we
obtain that

(“D)ltl o dj gltDleotap W
T] W(f)a - h(a—1)(r+la)+m—1 = hp° mod (T - T) )
which implies the assertion. |

Example 3.3: In the case ¢ = 2, for any f = Y7 ay(i + m)t' € M N A[[t]]
we have that for any integer a satisfying that 2° +1 > m + r,

ar(2* +1) = —ay(1) mod(T? - T).

Example 3.4: Let the Poincaré series h := F,11,1 have t-expansion as follows

h=3"an((g— 1)i+ 1)t D+,
1=0
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Then the coefficient of ¢(4=1+2 in A2 is Z;:o an((g—1)j+1Dan((g—1)(i—7)+1).
By Corollary 3.2 we have that for any multiple a of b (¢ = p® > 2),

pP41-—m

> anlla— 15+ an((a - 1)

p+1—m

- fj) +1) = 0mod(T9 — T)".

(=)

=
REMARK 3.5: Theorem 3.1 is powerful in the case the type m is equal to 2.
Using differential ) (see [2, page 3]) and product we can change the type of
Drinfeld modular forms. Then we can obtain congruence relations of t-expansion
coefficients of Drinfeld modular forms by Theorem 3.1.

4. Linear relations between Drinfeld modular form coefficients

In this section, we give all the linear relations among the initial ¢-expansion
coefficients of a Drinfeld modular form in M. Let

k
r:=dimcMy and a::—1+(1—r)(q+1)€{0,1,...,q}.
q—
For any integer N > 0, we let
r+N
> ciap((g—1)i) =0

c C7'+N+1 . =0

V=Y ap((qg— D e My
1=0

Lk,N = (Co,Cl,...,CTJrN)

be the space of linear relations satisfied by the first » + N + 1 ¢-expansion
coefficients of all the forms f € MY. In his study of Hilbert modular forms,
Siegel [10] determined the spaces Ly o defined analogously.

To state our result, for each Drinfeld modular form u € M(Oqul) N define
numbers b(k, N, ;i) by

q—a r+N . (o) .
e 3 U e S
=0 i=1

In this notation, we have the following theorem.
THEOREM 4.1: The map ¢y n : M(Oq2_1)N — Ly n defined by
¢k1N(u) = (b(k’N)u; 0))b(k’ N7 u;]‘)?" '7b(k’N)u;T+N))

provides a linear isomorphism from M (0(12_1) N onto L n.
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Proof. Let

w€ Mgy and  f=3 ag((g- 1)V e My,
=0

The coefficient ZT:ON b(k,N,u;i)as((q —1)i) of ¢ in

i 1 dj
e L
is zero. Therefore, the map ¢ n is well-defined. Clearly, ¢ n is linear. Sup-
pose that ¢p n(u) = 0. This assumption implies that W (fu)dj/dz has a zero at
least of order 2 at co. Furthermore, W ( fu)dj/dz is holomorphic on €. There-
fore, ufgi=®/ha=D+N)=1 is a cusp form of weight 2 and type 1. Hence,
ufgi=®/ha=D+N)=1 ig the zero function, which implies u = 0. Hence, Ok, N
is injective. Let f1,..., f» be a basis of M?. Let A be a r x (N + 1+ r)-matrix
whose ith row consists of the initial N 4+ r + 1 coefficients of f;. Then the
null space of A is equal to Ly n. A valance formula [7, (5.14)] shows that the
rank of A is r. Consequently, the rank-nullity theorem implies that ¢y n is
surjective. |
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